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Answer all questions and all questions carry equal marks.

1. Let X be an uncountable set and A be the collection of subsets A of X such
that A or X \ A is countable. Prove that A is a σ-algebra and the smallest
σ-algebra containing the singletons. Determine all measurable functions on X.

2. Let A and B be two subsets of R such that inf{|a−b| | a ∈ A, b ∈ B} > 0. Prove
that m∗(A∪B) = m∗(A) +m∗(B) where m∗ is the Lebesgue outer measure on
R.

3. Let (X,A, µ) be a measure space and µ(X) = 1. Prove that for 1 ≤ r < s ≤ ∞,
Ls ⊂ Lr.

4. Let m be the Lebesgue measure on R. For a Lebesgue integrable function f on
R, prove that

m×m({(x, y) | 0 ≤ y ≤ f(x)}) =

∫
f(x)dm(x) =

∫ ∞
0

φ(t)dm(t)

where φ(t) = m({x | f(x) ≥ t}.

5. Let νj � µj be σ-finite measures on (Xj,Aj) for j = 1, 2. Then ν1×ν2 � µ1×µ2

and for a.e. (x, y) ∈ X1 ×X2,
d(ν1×ν2)
d(µ1×µ2)(x, y) = dν1

dµ1
(x) dν2

dµ2
(y).
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